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Abstract. Within an axiomatic framework, we prove that the 
existence of faster than light particles is consistent with (does not 
contradict) the dynamics of Einstein's special relativity. 



1. Introduction 

Time to time short-lived experiments (such as OPERA 2011, MINOS 
2007, etc.) appear suggesting that there may be faster than light (FTL) 
particles. All of these experiments turned out to be erroneous so far. 
However, this gives us no guarantee that there will be no experiment 
in the future justifying the existence of FTL particles. If we have a 
reliable experiment showing the existence of FTL particles, we have to 
rebuild all the theories inconsistent with (contradicting) FTL motion. 
That is why it is important to know which "layers" (parts, subtheories) 
of Einstein's relativity theory are consistent with FTL motion. Here 
we investigate this question within an axiomatic framework. 

In (26] it is shown that the existence of FTL inertial particles does 
not contradict (i.e. it is consistent with) special relativistic kinematics, 
because the existence of FTL particles is logically independent of spe- 
cial relativistic kinematics. This means that the existing theory implies 
neither the nonexistence nor the existence of FTL particles, or equiv- 
alently both the existence and the nonexistence of FTL particles are 
consistent with the existing theory. This result is completely analogous 
to the fact that Euclid's postulate of parallels is logically independent 
of the rest of its axioms (in this case two different consistent theories 
extending the theory of absolute geometry are Euclidean geometry and 
hyperbolic geometry). In the present paper, we show that the existence 
of FTL inertial particles is logically independent of special relativistic 
dynamics, too. Therefore it is consistent with special relativistic dy- 
namics. 

The investigation of FTL motion goes back to pre-relativistic times, 
see, e.g., Froman [T5] and Recami [211 §3]. Since 1905 it is generally 
believed that the nonexistence of FTL particles is a direct consequence 
of special theory of relativity. Since Tolman's antitelephone paradox 
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based on his 1917 observation [27] there appear several paradoxes con- 
cerning causality violations and FTL particles. Since the 1950s many 
papers were published on theories for FTL particles as well as on pos- 
sible resolutions of the paradoxes, see, e.g., Arntzenius [TJ, Bilaniuk- 
Deshpande-Sudarshan [8J, Chashchina-Silagadze [10], Feinberg [15] . 
Geroch P], Jentschura-Wundt [E], Nikolic [20], Recami [221EHE3], 
Sudarshan [25], and Selleri [24] . As far as we know none of the theories 
for FTL particles in the literature is truly axiomatic. Moreover, the 
properties (e.g. the connection between energy, speed and rest mass) 
of FTL particles are not derived from some basic assumptions. They 
are taken to be analogous or similar to the properties of slower than 
light particles. 

The only framework for investigating the consistency of a statement 
with a theory is the axiomatic framework of mathematical logic. We 
show that a statement is consistent with a theory by showing that its 
negation does not follow from the theory. For this we use model theory: 
we construct a model of the theory in which the statement is true. 

Therefore, we investigate the question of consistency and indepen- 
dence of the existence of FTL particles in the framework of mathemati- 
cal logic, and we use model theory to show the existence of the required 
models. 

Based on Einstein's original postulates, we formalize the dynamics of 
special relativity within an axiomatic framework. We chose first-order 
logic to formulate axioms of special relativity because experience (e.g., 
in geometry and set theory) shows that this logic is an adequate logic 
for providing axiomatic foundations for a theory. 

To create any theory of FTL particles, we have to deal with the 
following phenomenon implied already by the kinematics of special rel- 
ativity. If an observer sees a fusion of two particles in which an FTL 
particle participates, then a fast enough (but slower than light) ob- 
server sees this fusion as a decay, see Fig{TJ The same example also 
appears, e.g., in [HI H5J EH E2] and in connection with the phenomenon 
[8] says: "... according to the original criteria, various observers must 
agree on the identity of physical laws, and not the description of any 
given phenomenon ..." . So the existence of FTL particles adds new 
concepts to the already long list of observer dependent concepts of rel- 
ativity theory, namely it is also observer dependent whether a particle 
participates in a decay or a fusion. 

The structure of this paper is as follows. In Section El we explain 
our result and axiomatic framework without going into the details of 
formalization. In Section |3j we give the intuitive idea of the proof of 
our result. In Section HI we recall an axiomatic framework for dynamics 
from [1]. In Section we recall an axiom system and some theorems 
for kinematics of special relativity relevant to our present investigation. 
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fusion decay 

Figure 1. A fusion according to one observer can be a 
decay according to another one if there are FTL particles. 

In Section we present an axiom system for dynamics of special rela- 
tivity theory. The axioms for dynamics are some trivial assumptions on 
collisions of inertial particles, e.g., conservation of relativistic mass and 
linear momentum. In Section [7J within this axiomatic framework, we 
formulate and prove our main result, namely that the existence of FTL 
inertial particles is independent of dynamics of special relativity, i.e., 
we prove that neither the existence nor the nonexistence of FTL iner- 
tial particles follows from the theory, see Theorem 17.11 Consequently, 
it is consistent with dynamics of special relativity that there are FTL 
particles. In Section [5J we show an experimental prediction of Ein- 
stein's special relativity on FTL particles, namely that the relativistic 
mass and momentum of an FTL particle decrease with the speed, see 
also [HKUl EI]. 

2. Informal statement of the main result 

To prove our statement on the existence of FTL inertial particles, 
we present an axiom system SRDyn which is a formalized version of 
Einstein's special relativistic dynamics, see pfl6l SRDyn contains the 
following axioms for kinematics (see FigJUon p JTO]) : 

• Principle of relativity (Einstein's first postulate): Inertial ob- 
servers (reference frames) are indistinguishable from each other 
by physical experiments (see SPR + on pJH]). 

• The light axiom (Einstein's second postulate): There is an in- 
ertial observer, according to whom light signals move with the 
same velocity (see AxLight on pj9j). 

• Axioms which were implicitly assumed by Einstein, as well as 
by all approaches to special relativity theory: 

— Physical quantities satisfy some algebraic properties of real 
numbers (see AxEField on p fTOj) . 
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Figure 2. Illustration for possible collision. Relativistic 
mass and linear momentum are conserved. 



— Inertial observers coordinatize the same events (see AxEv 
on pJTT]). 

— Inertial observers are stationary according to their own co- 
ordinate systems (see AxSelf on p fTT]) . 

— Inertial observers (can) use the same units of measurements 
(see AxSymD on p JTT|) . 

In the axioms of SRDyn concerning dynamics, we use the notion of 
collision of particles. Intuitively by a possible collision according to 
an inertial observer at a coordinate point we mean a set of incoming 
and outgoing inertial particles such that the relativistic mass and linear 
momentum are conserved, i.e., the sum of the relativistic masses of the 
incoming particles coincides with that of the outgoing ones and the 
same holds for the linear momenta of the particles, see FigfSJ So the 
conservations of relativistic mass and linear momentum are built into 
the definition of the possible collisions. Inelastic collisions are defined 
as collisions in which there is only one outgoing particle. 

Now we list the axioms of SRDyn concerning dynamics (see FigJT]): 

• The notion of possible collision does not depend on the ob- 
servers (see Coll on p JT5|) . By the definition of possible collisions, 
this assumption basically states the conservation of relativistic 
mass and linear momentum. 

• Particles (with given velocities and relativistic masses) can be 
collided inelastically at any coordinate point (see AxVinecoll on 



• Relativistic masses of slower than light inertial particles depend 
only on their speeds (see AxSpeed on p JT6|) . 



PUS}. 
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• If the velocities and relativistic masses of two particles coincide 
for one observer then they coincide for all the other observers, 
too (see AxMass on p fTB]) , 

• Inertial observers and inertial particles of arbitrary positive rel- 
ativistic masses can move with any speed slower than light (see 
AxThEx+ on p fTHj) . 

The main result of this paper is the following, see Thm J7.il (p JT7|) : 

The existence of FTL particles is consistent with spe- 
cial relativistic dynamics SRDyn. The nonexistence of 
FTL particles is also consistent with SRDyn. Therefore 
the existence of FTL particles is logically independent of 
SRDyn. 

3. The idea of constructing a model for FTL particles 

The main result says that the existence of FTL inertial particles 
is independent of special relativistic dynamics SRDyn. To prove this 
statement, we construct two models (solutions of the axioms) of SRDyn 
such that there are FTL inertial particles in one model and there are 
no FTL inertial particles in the other one. The interesting case is the 
construction of the model in which there are FTL inertial particles. 
Now we turn to explaining the intuitive idea of the construction of 
this model. The key idea is similar to the ideas of Sudarshan [25], Re- 
cami [211122], Bilaniuk et al. [8] and Arntzenius [7] using the "switching- 
reinterpretation" principle. 

To simplify the proof we use the notion of four-momentum, which is a 
defined concept in our framework. As it is known, the four-momentum 
of an inertial particle according to an observer is a spacetime vector 
whose time component is the relativistic mass and space component is 
the linear momentum of the particle since we assume that the speed of 
light is 1, see Fig]8]on pJT8l Thus in possible collisions four- momentum 
is preserved, see FigfJ] 

First we construct the worldview of a distinguished observer such 
that there are FTL inertial particles. For every coordinate point and 
every spacetime vector with positive time component we include an 
incoming and an outgoing inertial particle such the four-momenta of the 
particles are the given vector. We also include particles for spacetime 
vectors with zero time component. Clearly there are particles with 
arbitrary speeds in the worldview of the distinguished observer, thus 
there are FTL ones. 

Constructing the worldview of one observer is easy. The nontrivial 
part of our construction is to construct a worldview of observers mov- 
ing with respect to this observer and associating relativistic masses to 
all the possible particles in the moving frame such that all the axioms 
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Figure 3. Illustration for model construction. 



of SRDyn are satisfied. By Theorem 15.11 the worldviews are trans- 
formed by Poincare transformations. The relativistic masses of slower 
than light particles also have to be transformed in accordance with 
the corresponding Poincare transformation. So the question whether 
our construction can or cannot be finished depends on whether we can 
associate appropriate relativistic masses to FTL particles. 

We concentrate on defining the four-momenta of inertial particles, 
since relativistic masses are definable by using four-momenta. The 
four-momenta of the inertial particles according to the distinguished 
observer are already given. To define the four-momenta according 
to the other observers let us choose a Poincare transformation cor- 
responding to the new observer, see Figj3j Now we turn to define the 
four-momenta of inertial particles according to this new observer. For 
the idea of the definition let us consider the following situation. Let a, 
b and c be inertial particles and let their four-momenta be vectors A, B 
and C according to the distinguished observer as in the left-hand side 
of FigJSJ Let us note that A + B = C, particle c is obtained by "fusion" 
of particles a and b, and particle a is FTL. Then particles a, b and c 
form a possible collision according to the distinguished observer. In the 
worldview of the new observer particles a and c are obtained by "decay" 
of particle b, see the middle of Figj3j One of the main axioms of special 
relativistic dynamics SRDyn is that possible collisions do not depend 
on the observers, i.e., relativistic mass and linear momentum have to 
be conserved according to all observers. Thus the four- momenta A new , 
B new and C new of particles a, b and c according to the new observer 
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have to be such that 

^ new y^new _j_ ^Yiiew /-| \ 

since a and c are obtained by "decay" of b. Let us try to define A new , 
B new and C new as the images of A, B and C by the linear part of the 
Poincare transformation. So let A', B' and C be the images of A, B 
and C by the linear part of the Poincare transformation. Therefore A'+ 
B' = C since A + B = C and A', B', C are obtained by using a linear 
transformation, see the middle of Figj3j Since B' ^ A 1 + B', equation 
(HJ does not hold automatically. Thus, if A new , B new and C new are -A', 
P/ and C, equation (TTJ is satisfied, see the right-hand side of Figj3J 
This gives the idea to define the four-momentum p new of an arbitrary 
inertial particle p according to the new observer the following way. Let 
P be the four-momentum of p according to the distinguished observer 
and let P' be the image of P by the linear part of the chosen Poincare 
transformation. p new is defined to be P' if the time component of P' is 
positive and P new is defined to be —P' if the time component of P' is 
negative (and undefined otherwise). This is basically the "switching- 
reinterpretation" principle used in [HI HTJ (22J [25J [7]. It can be seen 
that possible collisions do not depend on the observer, and relativistic 
masses remain positive. It remains to check that all the other axioms 
of SRDyn hold in our model. For example, Einstein's first postulate, 
the principle of relativity holds basically because the worldviews of all 
the observers are "alike." For a precise proof, see pJT9l 

4. The language of our axiom system 

To make the informal assumptions listed in Section [2]precise, we need 
a formal language containing a set of basic symbols for the theory, i.e., 
what objects and relations between them we use as basic concepts. 

Here we use the following two-sortecO language of first-order logic 
parameterized by a natural number d > 2 representing the dimension 
of spacetime: 

{5,Q;IOb,Ph,+,-,<,W,M}, 

where B (bodies) and Q (quantities) are the two sorts, 10b (inertial ob- 
servers) and Ph (light signals or photons) are one-place relation symbols 
of sort B, + and • are two-place function symbols and < is a two-place 
relation symbol of sort Q, W (the worldview relation) is a d + 2-place 
relation symbol the first two arguments of which are of sort B and the 
rest are of sort Q, M (the mass relation) is a 3-place relation symbol 
the first two arguments of which are of sort B and the third argument 
is of sort Q. 

1 That our theory is two-sorted means only that there are two types of basic 
objects (bodies and quantities) as opposed to, e.g., Zermelo-Fraenkel set theory 
where there is only one type of basic objects (sets). 
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Relations IOb(A;) and Ph(p) are translated as u k is an inertial ob- 
server" and u p is a light signal or a photon" respectively. To speak 
about coordinatization, we translate \N(k, b, x±j X2, ■ ■ ■ , Xd) as 11 body 
(observer) k coordinatizes body b at spacetime location (xi, X2, • • • , Xd)" 
(i.e., at space location (x 2 , • • • ,Xd) an d instant x\). Finally we use the 
mass relation to talk about the relativistic masses of bodies according 
to inertial observers by reading M(k,b,q) as "the mass of body b is q 
according to body (observer) k." 

Quantity terms are the variables of sort Q and what can be built 
from them by using the two-place operations + and •, body terms 
are only the variables of sort B. IOb(fc), Ph(p), W(fc, b, Xi, . . . , Xa), 
M(k,b,x), x — y and x < y where k, p, b, x, y, xi, . . . , Xd are arbitrary 
terms of the respective sorts are so-called atomic formulas of our first- 
order logic language. The formulas are built up from these atomic 
formulas by using the logical connectives not (-1), and (A), or (V), 
implies (—>■), if-and-only-if (-H-) and the quantifiers exists (3) and for 



We use the notation Q n for the set of all n-tuples of elements of Q. 
If x e Q n , i.e., Xi denotes the i-th 

component of the n-tuple x. Specially, we write \N(k, b, x) in place of 
W(&, b,xi, . . . , Xd), and we write Vx in place of Vxi . . . Wxd, etc. 

The models of this language are of the form 



where B and Q are nonempty sets, lObgjt and Ph^ are unary relations 
on B, and are binary operations and <<xn is a binary relation 
on Q, W OT is subset of B x B x Q d and is a subset of B x B x Q. 
Formulas are interpreted in 9Jt in the usual way. For precise definition 
of the syntax and semantics of first-order logic, see, e.g., 0, §1.3], [121 



We denote that formula (p is valid in model Wl by Wl \= (p. Formula 
ip is logically implied by set of formulas, in symbols £ |= (p, iff (if 
and only if) p is valid in every model of S. 

To make our axioms and definitions easier to read, we usually omit 
the outermost universal quantifiers from our axioms and sometimes 
we omit them from the definitions, too, i.e., all the free variables are 
universally quantified. 




all (V). 



Wl = (B, Q- lObaR, Ph OT , +m, -art, <<m, W OT , M OT ) 



§2.1, §2.2]. 
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5. Axioms for kinematics 

Here we axiomatize the kinematics of special relativity in our first- 
order logic language of Section HI Einstein has assumed two postulates 
in his 1905 paper [11], the principle of relativity and the light postulate. 
The principle of relativity roughly states that inertial observers are 
indistinguishable from each other by physical experiments, see, e.g., 
Friedman [HJ §5]. 

To formalize the principle of relativity let V be the set of formulas 
of our language with at most one free variable of sort B. Elements 
of V play the role of potential "laws of physics" in the formulation of 
the principle of relativity theory. The free variable of sort B is used 
to evaluate these formulas on observers and to check whether they 
are valid or not according to the observer in question. Now we can 
formulate the strong principle of relativity as the following axiom 
schema: 

SPR + : Every potential law of nature tp e V is either true for all 
the inertial observers or false for all of them: 

{ \Ob{k) A IOb(/i) [<p(k, x) <B- <p(h, x)] : <p G V }. 

V contains formulas which may not counted as laws of nature. There- 
fore, SPR + may be stronger than Einstein's Principle of Relativity. 
However, this fact does not concern us now because we show here that 
something does not follow from special relativity, and if something does 
not follow if we use the possibly stronger assumption SPR + it does not 
follow if we use Einstein's principle. Let us note here that the diffi- 
culty of formulating Einsteins principle precisely comes from the fact 
that the notion of "laws of nature" is non well-defined. 

The second postulate of Einstein states that "Any ray of light moves 
in the stationary system of co-ordinates with the determined velocity 
c, whether the ray be emitted by a stationary or by a moving body," 
see [IT] . We can easily formulate this statement in our first-order logic 
frame. To do so, let us introduce the following two concepts. The time 
difference of coordinate points x, y 6 Q d is defined^ as: 

time(5,j7) := \xi - yi\. 

The spatial distance of x, y G Q d is defined as: 

space(x,y) := a/ (x 2 - y 2 ) 2 + . . . + (x d - y d ) 2 - 

AxLight: There is an inertial observer, according to whom, any 
light signal moves with the same speed c (independently of the 
fact that which body emitted the signal). Furthermore, it is 



Since we will assume that the quantity part is a Euclidean field in AxEField 
below, time(a;,y) and space(a:,y) are definable in the language of Section^ 
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Figure 4. Illustration for the axioms of kinematics. 

possible to send out a light signal in any direction everywhere 
(see FigJU): 



3kc 



\Ob(k) A < cA\/xy \3p[Ph(p) A \N(k,p, 
A \N(k,p, y)] <B- space(x,y) = 



x 



t\vne(x,y)) , (2) 



Einstein assumed without postulating it explicitly that the structure 
of quantities is the field of real numbers. We make this postulate more 
general by assuming only the most important algebraic properties of 
real numbers for the quantities. 

AxEField : The quantity part (Q, +, •, <) is a Euclidean field, i.e., 

• it is a field in the sense of abstract algebra; 

• the relation < is a linear ordering on Q such that 

i) x < y — >x + z<y + z and 
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ii) < x AO < y — > < xy holds; and 

iii) every positive element has a square root, i.e., 
< x — > 3y x = y 2 . 

Let us note that SPR + , AxLight and AxEField imply that the speed of 
light is the same for every inertial observer in every direction, i.e. for- 
mula ([2]) holds if we replace "3/cc" with "3cv7c" in it, see Prop. 4. 2.] 

As any other approach to relativity theory, we also assume that 
observers coordinatize the same "external" reality (the same set of 
events). By the event occurring for observer k at coordinate point x, 
we mean the set of bodies k coordinatizes at x: 

ev fc (x) := {b : \N(k,b,x)}. 

AxEv : All inertial observers coordinatize the same set of events 
(see FigJl]): 

IOb(/fc) A \Ob(h) 3y V&[W(fc, b, x) 4* W(/i, b, y)] . 

From now on, we use evk{x) = evh{y) to abbreviate the subformula 
V6 [W(fc, b, x) \N(h, b, y)} of AxEv. 

Basically we are ready for formulating the kinematical part of Ein- 
stein's special relativity theory within our axiomatic framework. Nev- 
ertheless, let us introduce two more simplifying axioms. 

AxSelf : Any inertial observer is stationary according to its own 
coordinate system (see FigfjJ: 

lOb(fc) ->■ Vx [\N{k, k, x) o x 2 = . . . = x d = 0] . 

Axiom AxSelf makes it easier to speak about the motion of inertial 
observers since it identifies the observers with their time-axes. So in- 
stead of always referring to the time-axes of inertial observers we can 
speak about their motion directly. 

Our last axiom on kinematics is a symmetry axiom saying that all 
observers use the same units of measurement. 

AxSymD: Any two inertial observers agree as to the spatial dis- 
tance between two events if these two events are simultaneous 
for both of them; and the speed of light is 1 for all observers 
(see FigSJ): 

IOb(fc)AlOb(/i)A2:i = yiAx[ = y[Aev k (x) = ev h (x')Aev k (y) = ev h (y) 
— > space(x, y) = space(x', y'), and 
lOb(fc) -> 3p[Ph(p) A \N(k,p, 0, . . . , 0) A \N(k,p, 1,1,0,..., 0)] . 

Axiom AxSymD simplifies the formulation of our theorems because 
we do not have to consider situations such as when one observer mea- 
sures distances in meters while another observer measures them in feet. 
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Let us now introduce an axiom system SR for kinematics of special 
relativity as the collection of the axioms above: 

SR := SPR + U {AxLight, AxEField, AxEv, AxSelf , AxSymD}. 

Let us note that usually we use a more general axiom system called 
SpecRel for special relativity, which does not contain SPR + , see, e.g., 
[3], [5], [26] because even SpecRel captures the kinematics of special rel- 
ativity, i.e., it implies that the worldview transformations are Poincare 
ones. It is proved in [26] that SpecRel is more general than SR. 

To characterize the possible relations between the worldviews of in- 
ertial observers, let us introduce the worldview transformation be- 
tween observers k and h (in symbols, w^) as the binary relation on Q d 
connecting the coordinate points where k and h coordinatize the same 
events: 



Map P : Q d — > Q d is called a Poincare transformation iff it is an 

affine bijection having the following property: 

t\me(x, y) 2 — space(x, y) 2 = time(x', y') 2 — space(x', y') 2 

for all x, y, x' , y' G Q d for which P(x) = x' and P(y) = y' ■ 

Theorem 15.11 formally confirms that the postulates of Einstein's im- 
ply that the worldview transformations between inertial observers are 
Poincare transformations. 

Theorem 5.1. Let d > 3. Assume SR. Then is a Poincare 
transformation if k and h are inertial observers. 

We note that Thm l5.ll also holds, if we replace SR with the more 
general axiom system SpecRel, see, e.g., [6]. For versions of Theorem 15.11 
using a similar but different axiom systems of special relativity, see, e.g., 



Let FTL(fc, b) be the following formula saying that body b moves FTL 
according to inertial observer k: 



FTL(k,b) & 

lOb(fc) A 3xy[\N(k, b, x) A W(fe, b, y) A time(x, y) < space(x, y)]. (3) 

Let 3 FT LI Ob be the following formula saying that there is an FTL 
inertial observer: 



By Thm l5.1| SR implies that there are no FTL inertial observers: 

Corollary 5.2. Assume d > 3. Then SR \= -dFTLIOb. 

We note that, by Thm J7.ll on pJT7| SR does not imply that there are 
no FTL inertial particles. 




pq> i, m- 




3FTLI0b 





FTL PARTICLES ARE CONSISTENT WITH RELATIVISTIC DYNAMICS 13 



We need the following concepts of kinematics in our axioms for dy- 
namics. The world-line of body b according to observer k is defined 
as: 

wl*(6) := {x: \N(k,b,x)}. 

Body b is called inertial if for every inertial observer the world-line 
of body b is at least two element subset of a straight-line, formally: 

lOb(fc) -> Bxy x ^ y A \N(k,b,x) A \N(k,b,y)A 

(W(fc, 6, z) -> 3q [Q(q) A z = q ■ (x - y)]) 

The velocity v&(6) and the speed Vk{b) of inertial body b according 
to observer k are defined as follows. Let x,y be such that \N(k,b,x), 
\N(k, b, y) and X\ ^ y±. Then 

/,n (x2-V2,---,x d -y d ) space(x,y) 

Vfc(o):= and y fc (&):=- — —— -. 

t\me{x,y) 

and if there are no such x and y, then Vfc(fo) and are undefined. 
For inertial bodies these are well defined concepts since they do not 
depend on the choice of x and y. v^ib) < oo abbreviates that Vk(b) 
is defined, i.e., Vy.{b) < oo iff 3xy \\N(k,b,x) A \N(k,b,y) A x x ^ 
We say that the speed of body b according to observer k is finite iff 
v k (b) < oo. 



6. Axioms for dynamics 

In this section, we introduce axioms for dynamics of special relativity, 
which are some natural assumptions on collisions of inertial particles 
and they concern FTL particles, too. 

To introduce the notion of collisions of particles we need some defini- 
tions. The relativistic mass of body b according to inertial observer k, 
in symbols vr\k(b), is defined to be q if M(k, b, q) holds and there is only 
one such q 6 Q\ otherwise m&(&) is undefined. Here we are interested 
in inertial bodies having relativistic masses. Body b is called inertial 
particle, in symbols \p(b), iff b is an inertial body and rrifc(6) is de- 
fined and is nonzero for every inertial observer k according to whom 
the speed of b is finite (i.e., IOb(fc) A Vk(b) < oo — > m k (b) ^ 0). 

Body b is incoming (outgoing) at coordinate point x according to 
inertial observer k, in symbols \r\k(b, x) (outfc(6, x)), iff b is an inertial 
particle, x is on the world-line of b, and the time component of each 
coordinate point on the world-line of b different from x is less than 
(greater than) the time component of x (see the left-hand side of Figj5] 



k 
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out k (bi,x) (outgoing) 

B 




k 




colljfe(6i . . . 65) A + B + C = D + E 



x-inecollfc(a6) 



Figure 5. Illustration for incoming, outgoing, possible 
collision and inelastic collision of bodies. The vectors 
(A, B,C,D,E G Q d ) in the figure are the four- momenta 
of inertial particles, i.e., (m k (bi), m k (bi) ■ v^(fej)), cf. (J5]) 
and FigS 



and FigfJ: 

in fe (6, x 



def 



out k (b,x) 



def 



lp(6) A \N(k,b,x) A 
(\N(k,b,y) [y = x V yi < a*]), 

lp(6) A \N(k,b,x) A 
(\N(k,b,y) ^{y = x V x x < y t \). 

Let us define the possible collisions of bodies as follows. Bodies 
&i , . . . , b n form a possible collision according to observer k if there is 
a coordinate point such that all the bodies are incoming or outgoing 
in that coordinate point and the sum of the relativistic masses of the 
incoming bodies coincides with that of the outgoing ones, and the same 
holds for the linear momenta of the bodies (see Figj5]): 

n 

coll fc (6i . . . b n ) 3x^f\[\n k (bi,x) V out fc (&<,£)] A 

i=i 

53 m k (bi) = 53 m k(bi) A 

{i:\n k (bi,x)} {i : out fe (6j,x)} 

^ m k (bi) ■ Vfc(6i) = m *( 6 *) ■ v fc( 6 <) • ( 4 ) 

{i:in fe (6i,x)} {« : out fe (6i,x)} 

Let us note that, if bodies b%, . . . ,b n form a possible collision, then 
they are inertial particles by the definition of incoming and outgoing 
particles. 

For every natural number n we introduce an axiom saying that pos- 
sible collisions formed by n bodies do not depend on the observers. 
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Figure 6. Illustration for AxVinecoll. 



Thus conservations of relativistic mass and linear momentum do not 
depend on the observers. 

AxColl n : If bodies b±, . . . , b n form a possible collision for an iner- 
tial observer, they form a possible collision for every inertial 
observer according to whom the speed of each of them is finite 
(see FigJT]): 



lOb(fc) A \Ob(h) A f\ v h (bi) < oo A coll fc (6i . . .b n ) coll h (6i . . . b n ). 

i=i 

Let Coll below be the axiom schema containing AxColl n for every 
natural number n: 

Coll : Possible collisions do not depend on the observers: 

Coll:={AxColl n : n is a natural number }. 

Bodies a and b collide inelastically according to inertial observer 
k at coordinate point x, in symbols x-inecollfc(a6), iff there is a body 
c such that a, b, c form a possible collision, a, b are incoming and c is 
outgoing at x (see the right-hand side of FigEJ: 



x-\neco\\ k(ab) 



3c [coWk(abc) A \r\k(a, x) A in^(&, x) A outfc(c, x)}. (5) 



AxVinecoll : Every potential inelastic collision can be realized. That 
is, for every inertial observer, every coordinate point and every 
two inertial particles a and b, if the sum of their relativistic 
masses is nonzero and their speeds are finite, there are iner- 
tial particles a' and b' such that they collide inelastically at the 
given coordinate point and the relativistic masses and veloci- 
ties of a' and b' coincide with those of a and b, respectively (see 
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FigEJand FigJT]): 

lOb(fc) A lp(a) A lp(6) A v k (a) < oo A v k (b) < ooA 

m fc (a) + 1X1^(6) 7^ — > 3a'b' [x-inecoll fc (a / 6')A 
m fc (a') = m k (a) A m fe (&') = m k (b) A v fe (a / ) = v fe (a) A v k (b') = v k (b)]. 

We assume that relativistic masses of slower than light inertial par- 
ticles depend only on their speeds. 

AxSpeed: If an inertial particle is moving with the same slower 
than light speed according to two inertial observers, then the 
relativistic masses of the particle are the same for them (see 
FigED: 

\Ob{k) A \Ob(h) A lp(6) A v k {b) = v h (b) < 1 m k {b) = m h (b), 

We also assume that, if two inertial particles have the same velocities 
and relativistic masses according to an inertial observer, then they have 
the same relativistic masses according to every inertial observer. 

AxMass : If the relativistic masses and velocities of two inertial 
particles coincide for an observer, then their relativistic masses 
coincide for every observer (see FigJT]): 

IOb(A;) A \Ob(h) A lp(a) A lp(6)A 

mjfc(a) = mjfc(6) A v*(a) = v*(6) m h (a) = m h (b). 

To avoid trivial models, we also assume that there are inertial ob- 
servers moving relative to each other and there are slower than light 
inertial particles with arbitrary positive relativistic mass. 

AxThEx + : Inertial observers and inertial particles of arbitrary pos- 
itive relativistic mass can move along any straight line of speed 
less than the speed of light: 

\Ob(k) A space(x, y) < time(x, y) A < q — > 

(3h [\Ob{h) A W(fc, h, x) A \N{k, h, y)} A 

36 [|p(6) A W(fc, b, x) A \N(k, b, y) A m k {b) = q]) . 

Let Dyn be the collection of our axioms for dynamics, and let us now 
introduce an axiom system SRDyn for dynamics of special relativity as 
the collection of all the axioms of kinematics and dynamics above: 

Dyn := Coll U {AxVinecoll, AxSpeed, AxMass, AxThEx + }, and 
SRDyn := SR U Dyn. 

7. Independence of FTL inertial particles of SRDyn 

Now we show that the existence of FTL inertial particles is indepen- 
dent of SRDyn. To formulate this statement we need some definitions. 
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Figure 7. Illustration for the axioms of dynamics. 

Let us recall that formula FTL(/c, b) states that body b moves FTL 
according to inertial observer k, see (jHJ) on pJT2l 

Let 3FTLIp be the following formula saying that there is an FTL 
inertial particle: 

3FTLIp 3kb [lp(fo) A FTL(/c, £>)]. 

Let E be a set of formulas and tp be a formula. £ \fc p denotes that 
ip is not implied by E, i.e., there is a model of £ in which <p is not valid. 
Statement tp is called independent of £ if neither (p nor its negation 
-i(p is implied by E, i.e., E ty= tp and E ^ -up. Let us note that <p is 
independent of E if there are two models of E such that ip is valid in 
one model and —up is valid in the other one. 

The main result of the present paper is Theorem 17.11 below. It says 
that the existence of FTL inertial particles is independent of relativistic 
dynamics. 

Theorem 7.1. 3FTLIp is independent of SRDyn, that is 

SRDyn ^ 3FTLIp, and 

SRDyn ^ ^3FTLIp, 
equivalently, both 3FTLIp and -dFTLIp are consistent with SRDyn. 
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Proof . The theorem is a corollary of Thm J7.2l below. ■ 

The following theorem is a stronger form of Thm J7.ll above. 

Theorem 7.2. For every d > 2 and for every Euclidean field H, there 
are models Wli and M 2 of SRDyn such that SDti |= 3FTLIp, Wl 2 \= 
-iBFTLIp, and H is the field reduct of both models. 

Based on the intuitive idea in Section [3], we give a formal proof here 
using the following concepts. 

Let / : Q d — >■ Q d and g : Q d — > Q d be maps, fog denotes the 
composition of the two maps, i.e., (/ o g)(x) = f(g(x)). f~ l denotes 
the inverse map of /. Let if be a subset of Q d . The /-image of set H 
is defined as: f[H] :— { f(x) : x G H}. The identity map is defined 
as: \d(x) := x for all x G Q d . Let x, y G Q d . Then rayxy denotes 
the closed ray (or half-line) with initial point x and containing y, i.e., 
rayxy:={x + q ■ (y — x) : < q}. 

The time-axis is defined as t-axis :={i6 Q d : x 2 = ■ ■ ■ = Xd = }. 

Let k G 10b and b G B. The four-momentum Pk{b) of body b 
according to inertial observer k is defined as the element of Q d whose 
time component is the relativistic mass and space component is the 
linear momentum of b according to k if b is an inertial particle and the 
speed of b is finite (see FigJH]), i.e.: 

P fc (6)i = m fc (6) and (P k (b) 2 , P k (b) d ) = m k (b) ■ v fc (6), (6) 

if lp(6) and v k (b) < oo, and P k (b) is undefined otherwise. It is not 
difficult to prove that P k {b) is parallel to the world-line of b. 



k 




m k(b) ■ Vfc(6) (linear momentum) 



FIGURE 8. Illustration for four- momentum. 
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Using the concept of four-momentum definition (Tjf]) of possible colli- 
sion of bodies can be written in a simpler form: 

n 

coll fc (&i . . . b n ) <^=^ 3x f\[\u k (bi,x) V out k (bi,x)] A 

8=1 

{i:\n k (bi,x)} {i : out k (bi,x)} 

Proof . The idea of the proof is in Section [3] on pEJ 

Let H = (<5; +, •, <) be a Euclidean field. We are going to prove our 
statement by constructing two models DJli and 9Jt 2 of SRDyn such that 
in DJli there are FTL inertial particles, in 9Jt 2 there are no FTL inertial 
particles and the ordered field reduct of both models is H. There is only 
a slight difference in the two constructions. Therefore, we are going to 
construct the two models simultaneously. By xy below we denote the 
ordered pair (x,y). 

10b := { Poincare transformations of Q d }, (8) 

l Pl := {xyE Q d x Q d : x ^ y}, (9) 

lp 2 := {xyE\p 1 : space(x, y) < time(x, y) }, and (10) 

Ph := {xyE\pi : space(a;, y) = time(x, y) }. (11) 

Let us note that Ph C lp 2 C lp 1 . The only difference between the 
construction of models DJli and 9Jl 2 is in the definition of the set of 
bodies: 

£i:=IObU lp x and 5 2 :=IOb U lp 2 . (12) 

Throughout the proof B and Ip denote B x and lp x in the case of 97ti 
and denote B 2 and lp 2 in the the case of 9JT 2 . Furthermore, by "inertial 
particles" we mean the members of l Pl in the case of 9JTi and the 
members lp 2 in the case of S0T 2 . 

The model construction is illustrated in Figj9]and its intuitive idea is 
the following: The worldview transformation between inertial observers 
identity Id and k will be Poincare transformation k. First we define the 
world-lines of bodies according to observer Id. In particular, the world- 
line of particle xy is rayxy for every xy. We transform the world-lines by 
transformation k to obtain world-lines according to arbitrary observer 
k, cf. FigJHJ Thus the world-line of particle xy is rayk(x)k(y) according 
to observer k. 

We define relativistic masses such that (i)-(iii) holds, (i) The time 
components of the four-momenta are positive, thus the relativistic 
masses of particles of finite speeds are positive, (ii) The four-momentum 
P(xy) of particle xy, according to observer Id, is one of the two vectors 
connecting x and y, i.e., one of x — y and y — x, if the speed of xy is 
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N\(xy) 








































worldview of observer Id worldview of observer k 

Figure 9. Illustration for the construction of the models. 

finite, (iii) According to observer k, the four-momentum of particle xy 
with finite speed is one of the two vectors connecting k(x) and k(y). 

Now we construct our models based on the intuitive idea above. See 
Figj9j In the worldview of observer Id, we define the world-line of 
inertial observer h and the world-line of inertial particle xy as: 

wl(/i):=/i~ [t-axis], and w\(xy):=rayxy, (13) 

see FigJHJ We define the world-line of body b and the relativistic mass 
of inertial particle xy in the worldview of observer k as: 

w\ k (b):=k[\N\(b)] and m k (xy):=i\me(k(x), k(y)) , (14) 

cf. FigM 

Finally we define the worldview relation W and the mass relation M 

as: 

\N(k,b,x) ^4 k G 10b A b £ B A x £ w\f.(b), and (15) 
M(k,b,q) 4^4 ke lObA&G lpAm fc (6) = q. (16) 

Now models VJHi and WI2 are given. It is easy to see that the set of 
inertial particles in Wit and 97t 2 are lp x and lp 2 , respectively. 

For every inertial observers k and h and inertial particle xy, by (1141) . 
it is easy to see that 

rayk(x)k(y), 

k(x) - k(y) if k(y)i < 
k(y) - k(x) if k(x)i < k(y) ll 
undefined if k(x)i = k(y)i, 

\ undefined if k{x)\ = k(y)i, 
k o hT x (is a Poincare transformation), and 
\t- axisl . 



w\ k (xy) 
Pk(xy) 



(17) 
(18) 

(19) 



w\k(h) 



koh~ U 



(20) 
(21) 



By (171)- (l2~li) . it is not difficult to prove that Wl\ and WI2 are models 
of SRDyn \ SPR + , there are FTL inertial particles in DJli and there are 
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no FTL inertial particles in QH2- For details of the proof see below. By 
P5| Prop.5.1.], to prove that axiom schema SPR + is valid in models 
DJti and 0J1 2 , it is enough to show that, for every inertial observer k, 
there is an automorphism fixing the quantities and taking observer k 
to observer Id. For fixed observer k, let a be the following map: 

a(h) = ho fc -1 , a(q) = q and a(xy) = k(x)k(y) (22) 

for every inertial observer h, quantity q, and inertial particle xy. Clearly 
a takes observer k to observer Id. It is not difficult to prove that a is 
an automorphism of our model, see below. Thus SPR + is valid in the 
models. 

Details of the proof: Now we are going to show in detail that DJli 
and OJI2 are models of axiom system SRDyn and there are FTL inertial 
particles in DJli and there are no FTL inertial particles in 97t 2 . We are 
going to prove this simultaneously for the two models. 

The field reduct of both models is the Euclidean field H. Thus 
AxEField is valid in the models. 

By (12 Op. world- view transformations are Poincare transformations, 
hence they are affine transformations and bijections. Thus AxEv is 
valid in models VJli and 9JI2. 

By (|2ip . we have that wlfc(fc) = t-axis. Thus, AxSelf is valid in the 
two models, by (IT5|) . 

We say that rayxy is light-like iff x ^ y and space(x, y) = time(z, y) 
and it is time-like iff space (s, < time(x,y). 

By (fTTj) and by the properties of Poincare transformations, the world- 
lines of bodies in Ph are the light-like rays according to any observer. 
Thus the "speed of light" is 1 for any observer. Thus AxLight and the 
second part of AxSymD holds. 

Any Poincare transformation P preserves the spatial distance of 
points x,y G Q d for which X\ = y\ and P{x)\ = P(y)i- Therefore, 
inertial observers agree as to the spatial distance between two events if 
these two events are simultaneous for both of them. We have already 
shown that the speed of light is 1 according to each inertial observer 
in models VJHi and njt 2 . Consequently, axiom AxSymD is also valid in 
these models. 

To prove that axiom schema SPR + is valid in models 9Jti and 
it is enough to show that, for observer k, map a given in fT22|) is an 
automorphism. It is clear that a leaves the elements of Q fixed and 
it is a permutation on sets B, 10b, Ph and Ip since 10b is the set of 
Poincare transformations. Thus B(b) <^> B(a(b)), \Ob(h) ^ \Ob(a(h)) 
and Ph(p) <^ Ph(a(p)). To prove that a is an automorphism it re- 
mains to prove that \N(k,b,x) <^ W («(&), a(b), x) and M(k,b,q) <^ 
M(a(k), a(b), q). By (fT5|) and ffl6l) . it is sufficient to prove that for 
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every inertial observers h and o, and inertial particle xy, 



wl h (o) = wl a ( fc ) (a(o)), w\ h (xy) = vj\ a(h) (a(xy)) , and 

m ft (5|7) = m Q , (ft )(a (xy)). (23) 



By (H3J), Q]3D and ([22]), we have 

w U(/i) (0(0)) = a(/i) [wl(a(o))] = a(/i) [a(o) _1 [t-axis]] = 

/i o A; -1 [fe o o _1 [t-axis]] = /i[o _1 [t-axis]] = /i[wl(o)] = w\ h (o) 



\N\ a ( h )(a(xy)) = a(h)[\N\(a(xy))] = ho k 1 [wl (k(x)k(y))] = 
h o At 1 [ray k(x)k(y) ] = /i o AT 1 o fc[rayxy] — hhayxy] = w\ h (xy), and 



m a (ft)(a(iC2/)) = mhok-i(k{ x ) k (v)) = 
time(/i o AT 1 o fc(x), /i o k~ l o k(y)) = t\me(h(x), h(y)) = m h (xy). 

Thus (12"B"]) above holds. 

Therefore axiom schema SPR + is valid in the models. We have proved 
that DJli and SOT2 are models of the axiom system SR of kinematics of 
special relativity. 

By ffTTI) and by the properties of Poincare transformations, the world- 
lines of bodies in lp x are the rays, the world-lines of bodies in lp 2 are the 
time-like and the light-like rays according to any observer. Thus there 
are FTL inertial particles in 9Jti and there are no FTL inertial particles 
in m 2 . Thus we have proved that 2Jti (= 3FTLIp and Wl 2 \= ^3FTLIp. 

It remains to prove that axioms of dynamics contained in Dyn are 
also valid in the models. 

First we turn proving that, for every natural number n, AxColl n is 
valid in the model. The proof is illustrated in FigJTOl Throughout 
o:=(0, ...,0)6^ denotes the origin of the coordinate system. Recall 
that, by (ITT]) . w\k(xy) = rayk(x)k(y) for every inertial particle xy and 
inertial observer k. Therefore 

\r\k(xy, k(x)) -<=>- k{y)\<k{x)\ and 

out k (xy,k{x)) k(x)t < %)i. (24) 

Recall that, by (TT8]) . Pk(xy) = k(x) — k(y) iff k(y)i < k{x)\ and 
P k (xy) = k{y) - k(x) iff k{x) l < Now, by (JTHJ) and AM]) , 

for every inertial observer k and inertial particles x 1 ^ 1 , . . .x n y n with 
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worldview of observer k worldview of observer h 




Figure 10. Illustration for proving that AxColl n is valid 
in the models 
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A£=i v k( xi v t ) < °°: we § et 

E p*W)= E p *W) 

{i : irife(5: I 5 l ,fc(5; 1 ))} {i : outfc(a;*2/*,fe(a!*))} 

E m 

{i : fc(x»)i<fe(j/*)l} 

E W) - <=► 

{i : k(x i ) 1 <k(y i ) 1 } 
n 

E - = o. (25) 

1=1 

Therefore, by f l25|) and the equivalent form (J7]) of the definition of 
coll, we get that 

coll fc (xy . . . x n y n ) ^ x 1 = ... = x n A 

n n 

/\ v k (xY) < oo A E W^) - Htf)) = o. (26) 

i=l i=l 

for every n, inertial observer k, and inertial particles x 1 ^ 1 , . . . ,x n y n . 

To prove that AxColl n is valid in the models let k and h be in- 
ertial observers and let x y , . . . ,x n y n be inertial particles such that 
collj^x 1 ?/ 1 . . . x n y n ) and Vh(x l y l ) < oo for every i. Then, by (1261) . 
x 1 = . . . = x 11 and Ym=i ~ k(y 1 )) = o. Therefore Y^i=i (h(x i ) — 

h(y 1 )) = °> since hok~ Y is an affine transformation taking k(x) to h{x) 
for every x. Thus, by ( 126|) . coll^,^ 1 ^ 1 . . . x n y n ) holds. Therefore AxColl n 
is valid in the models for every n. Thus the axiom schema Coll is valid 
in the models. 

Next we turn proving that AxVinecoll is valid in the models. Let 
frni C Q d be the set of vectors with positive time components and let 
fm 2 C Q d be the set of non FTL vectors with positive time components, 
i.e., 

fmi := {x e Q d : < a^}, and 

fm 2 := {x G fmi : space(x, o) < time(x, o)}. 

Let fm denote frri! in the case of and denote fm 2 in the case of 

Recall that, by w\ k (xy) = rayk(x)k(y). By (JTSJ), P k (xy) = 

k(x) — k(y) iff xy is incoming at k(x) according to k, and P k {xy) = 
k(y) — k(x) iff xy is outgoing at k(x). By the above, by the fact that 
the observers are Poincare transformations, and by (l8])- (TT0]) . it is easy 
to see that for every inertial observer at every coordinate point, the 
set of four-momenta of the incoming bodies is fm and the same holds 
for the outgoing bodies. Formally, for every inertial observer k and 




E p *W) = 

{i : fc(5») 1 <fe(x*)i} 

E - m) = 

{i : k(y i ) 1 <k(x i ) 1 } 
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coordinate point x, 

fm = {P k (b) : lp(6) A in fc (6, x)} = {P k {b) : lp(6) A out fc (6, x)}. (27) 

By (LT71) . for every inertial observer, every inertial particle of finite speed 
is an incoming or outgoing body at some coordinate point. Therefore 
(127]) implies that 

fm = {P k (b) : lp(6) A v k (b) < oo} (28) 

for every inertial observer k. It can be easily seen that fm is closed 
under addition, i.e., 

P, P' G fm P + P' G fm. (29) 

To prove that AxVinecoll is valid, let x be a coordinate point, let k 
be an inertial observer and let a and b be inertial particles with finite 
speeds according to k such that the sum of their relativistic masses is 
nonzero. We have to prove that there are inertial particles a' and b' 
such that x-\neco\\ k (a'b') and P k (a') = P k (a) and P k (b') = P k (b). By 
([283 and (EHD> w e have that P k {a), P k (b), P k {a) + P k {b) G fm. By (j27j), 
there are inertial particles a', b' and c such that P k (a') = P k (a), P k (b') = 
P k {b), P fc (c) = P k (a) + P k (b), \n k (a',x), \n k (b',x) and out fc (c,x). Thus 
co\\ k (a'b'c) by (F7J). Now, by (j5J), x-inecollfc(a'6'). Therefore AxVinecoll is 
valid in the models. 

To prove that AxSpeed is valid let k,h G 10b, xy G Ip and q G (5 
be such that v k {xy) = Vh(xy) = q < 1. It is enough to prove that 
m fc (xy) = m ft (£y). By (HSJ, 

space(fc(^), k{y)) = q ■ time(A;(x), k{yj) , and (30) 
space (h(x), h(y)) = q ■ t\me{h(x), h(yj) . (31) 

Since h o k~ l is a Poincare transformation taking k(x) and k(y) to 
/i(a;) and respectively, we get that 

t\me(k(x), k(y)) 2 — space(/c(x), k(y)) 2 = 

t\me(h(x), h(yj) 2 — space(/i(x), h(y)) 2 . (32) 

By d3UD-d32D, (1 - q 2 )t\me(k(x),k(y)) 2 = (1 - q 2 )t\me(h(x), h{y)f . 
Thus time(A;(x), k(y)) = t\me(h(x) , h(y)) . Now, by (fill) . m fc (a;?/) = 
time(fc(5),A;(j/)) = time(/i(x), /i(y)) = m fc (xj/). Thus m^^y) = m fc (acj/). 
Therefore AxSpeed is valid in the models. 

To prove that AxMass is valid, let k and h be inertial observers 
and let b and b' be inertial particles such that their velocities and their 
relativistic masses coincide according to observer k. Then, by definition 
(EJ) of four-momentum, the four-momenta of b and b' coincide according 
to observer k. Assume that the speed of b is finite according to h. By 
(TIB"]) and by the fact that h o k~ x is an affine transformation, it is 
easy to prove that the four-momenta of b and b' coincide according 



FTL PARTICLES ARE CONSISTENT WITH RELATIVISTIC DYNAMICS 26 



to inertial observer h, tooB Then the relativistic masses of b and b' 
coincide according to h since relativistic mass is the time component 
of the four-momentum. Therefore AxMass is valid in the models. 

Now we turn proving that AxThEx + is valid in the models. We say 
that (straight) line {x + q ■ (y — x) : Q(q)} is time-like iff rayxy is 
time-like. The world-lines of inertial observers are the time-like lines 
according to observer Id by ffl3l) and (fl4l) since Poincare transforma- 
tions take the t-axis to time-like lines and for any time-like line I there 
is an orthocronous Poincare transformation taking I to t-axis. Poincare 
transformations take the set of time-like lines onto the set of time-like 
lines. Therefore the world-lines of inertial observers are the time-like 
lines according to any observer by CHI) . Therefore the first part of 
AxThEx + holds. It is easy to see that the second part of AxThEx + 
holds, because of (i)-(iv) below, (i) The set of four-momenta of the 
incoming bodies contains set frri2 by (T27j). (ii) The time components 
of the four-momenta are the relativistic masses, (iii) Four-momenta 
are parallel to the world-lines, (iv) World-lines of inertial particles are 
rays. Therefore AxThEx + is valid in the models. 

By the above axioms of dynamics are also valid in our models. There- 
fore both Wli and 9Jt 2 are models of SRDyn. This completes the proof. 

■ 

Remark 7.3. We note that in the proof of Thm J7.2l the relativistic 
masses in both Wli and 9Jt 2 are positive. This means that 3FTLIp is 
also independent of SRDyn U {PosMass}, where PosMass is the formula 
saying that the relativistic masses are positive, i.e., 

PosMass : \Ob(k) A lp(6) A v k (b) < oo -> < m k (b). 

8. Concluding remarks 

Paper (26] shows that the existence of FTL particles is logically in- 
dependent of special relativistic kinematics. In this paper we have seen 
that the existence of FTL inertial particles is independent of special 
relativistic dynamics. So there are at least two "layers" (parts, sub- 
theories) of relativity theory which do not contradict faster than light 
particles. However, there are other "layers" to be investigated in a 
similar manner. For example, a next "layer" could be one in which 
fields interacting with particles are also considered. 

In our forthcoming paper [19] we will show that SRDyn gives new 
predictions on relativistic masses of FTL inertial particles. In more 

3 This is so because of the following. Let b = xy and b' = x'y'. Then, 
by ±(*(2) " Kv)) = Pk(xy) = P k (x'y') = ±{k{x') - k(y% ' But then 

h{x) — h{y) = ±(h(x') — h(y')) since h o k~ l is an affine transformation taking 
k(x) , k(y) , k(x') , k(y') to h(x),h(y),h(x'),h(y'), respectively. By (fT%|). we conclude 
that Ph{xy) = ±Ph(x'y'). The time-components of the four-momenta are positive 
since relativistic masses are positive. Therefore Ph(xy) = Ph{x'y'). 
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detail, SRDyn implies that 

m k (bW\l-Mb) 2 \ = ™ h (b)V\±-Mbn (33) 

where b is a possibly FTL particle and k and h are (ordinary slower 
than light) inertial observers. Equation fl33|) gives back the usual mass- 
increase theorem for slower than light particles, and predicts that the 
relativistic mass and momentum of an FTL particle decrease with the 
speed, see FigJTTl 
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FIGURE 11. Illustration for equation f|33|) . 

Similar predictions on FTL particles appear in Bilaniuk-Deshpande- 
Shudarshan |8J, Sudarshan [25], Recami [2T1 [22] , and Hill-Cox [T7] with- 
out deriving them from basic assumptions. 
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